Abstract This paper is a study on a new kind modulation spaces M(P, Q) (R d ) and A(P, Q, r )(R d ) for indices in the range 1 < P < ∞, 1 ≤ Q < ∞ and 1 ≤ r < ∞, modelled on Lorentz mixed norm spaces instead of mixed norm L P spaces as the spaces M 2006). First, we prove the main properties of these spaces. Later, we describe the dual spaces and determine the multiplier spaces for both of them.
modulation operator for x, w ∈ R d , respectively. The compositions
are called time-frequency shifts (see [14] ). We write (L p (R d ), . p ) the Lebesgue spaces for 1 ≤ p ≤ ∞. 
and V g f is uniformly continuous. Moreover
for all x, w, u, η ∈ R d . The cross-Wigner distribution of f, g ∈ L 2 (R d ) is defined to be
Given a symbol σ ∈ S (R 2d ), the Weyl operator L σ is defined by
for f, g ∈ S(R d ). The mapping σ → L σ is called the Weyl transform (see [14] ). The time-frequency localization operator A
with symbol a ∈ S (R d ) and windows ϕ 1 , ϕ 2 is defined to be where σ = a * W (ϕ 2 , ϕ 1 ) (see [8] ).
A [11, 14] ).
L( p, q) spaces are function spaces which are closely related to L p spaces. We consider complex valued measurable functions f defined on a measure space ( X, μ). The measure μ is assumed to be nonnegative. We assume the functions f are finite valued a.e. and some y > 0, μ(E y ) < ∞, where
is the distribution function of f . The rearrangement of f is given by
The average function of f is also defined by
Note that λ f , f * and f * * are nonincreasing and right continuous functions on (0, ∞). If λ f (y) is continuous and strictly decreasing f * (t) is the inverse function of λ f (y). The most important property of f * is that it has the same distribution function as f. It follows that
) is defined to be vector space of all (equivalence classes) of measurable functions f such that f * pq < ∞, where
is a normed space with the norm
For any one of the cases p = q = 1; p = q = ∞ or 1 < p < ∞ and 1 ≤ q ≤ ∞, then the Lorentz space L( p, q)(X, μ) is a Banach space with respect to the norm . pq . It is also known that if 1 < p < ∞, 1 ≤ q ≤ ∞ we have
(see [7, 17, 21] ). It is known that by [17] , [1, 3] , L(∞, q) are defined as the class of all measurable functions f for which f * (t) < ∞ for all t > 0 and for which f * * (t) − f * (t) is a bounded function of t such that
Moreover, if q = 1, L(∞, 1) = L ∞ and the norms coincide. Let X and Y be two measure spaces with σ -finite measures μ and ν, respectively, f be a complex valued measurable function on [24] .
In this paper, we will denote the mixed norm space by L p,q ; the Lorentz space by 
This operators are called multiplier (left) or module homomorphism from V into W (see [22, 23] 
The Lorentz mixed normed modulation spaces

Definition and basic properties
Throughout the paper, the letters P and Q will denote 2-tuples P = ( p 1 , p 2 ) and Q = (q 1 , q 2 ), where p i and q i , i = 1, 2, are between 1 and ∞. When i = 1, we shall write P = p and Q = q. Moreover, P ≤ Q will mean p i ≤ q i for i = 1, 2. Further, we will agree that 
is the set of all measurable functions f for which distribution function of f is finite and for which f * * − f * is a bounded function such that
Hence, we can define the space
Proof Let f ∈ S(R d ) and P ≤ Q. Then we write . P Q ≤ . P P by Proposition 5.1 in [13] and we have
where z = (x, w) ∈ R 2d . Then the right side of this expression is finite for sufficiently large n. If P > Q, we write
By one variable proof [16, Lemma 2.1], (1 + |(x, .)|) −n p 1 q 1 < ∞ for sufficiently large n. The proof is completed by repeating the same procedure with respect to the second variable.
Remark 3 It is known that the Lorentz space L( p, q)(R d )
is translation invariant and holds T x f pq = f pq for x ∈ R d (see [7] ). By using iteration and the one dimensional proofs given in [7] it can easily be shown that the Lorentz mixed norm space L(P, Q)(R 2d ) is also translation invariant and holds
The following proposition gives us convolution relations between Lorentz mixed norm space and L 1 space and will be used frequently.
. By Fubini Theorem and Hölder inequality for Lorentz mixed norm space [13] , we can change order of integration and obtain
Then by duality we get 
where z = (x, w) ∈ R 2d . This expression is finite for sufficiently large n. Using the equivalence of the seminorms (see [14, Corollary 11.2.6 
for sufficiently large n by Lemma 2.1 in [16] . Thus
, by Proposition 4 and (2.3), we obtain
By using the same proof technique as that employed in Proposition 11.3.4 and Theorem 11.3.5 in [14] , it is easy to prove the following two theorems.
Theorem 6 S(R
d ) is dense in M(P, Q)(R d ) for 1 < P < ∞, 1 ≤ Q < ∞.
Theorem 7 The normed space M(P, Q)(R d ) is a Banach space for
1 < P < ∞, 1 ≤ Q < ∞. Moreover M(P, Q)(R d ) is independent of the window g ∈ S(R d )\{0}.
Different windows yield equivalent norms.
It is known that the Lorentz spaces L( p 1 , q 1 ) and L( p 2 , q 2 ) have absolutely continuous norms when 1 < p i < ∞, 1 ≤ q i < ∞, i = 1, 2 (see [4] ). Then the space L(P, Q) has also absolutely continuous norm and [6, p. 158 
]). The next theorem gives us the dual space of M(P, Q)(R d ).
The proof is the same as that of Theorem 2.3 in [16] . , y) and the fact that the Lorentz mixed norm space is translation invariant, we have
The inclusion property of M(P, Q)(R d ) spaces is connected with the indices
Q as in L(P, Q) spaces. Let Q 1 = (q 1 1 , q 2 1 ) and Q 2 = (q 1 2 , q 2 2 ). Recall that Q 1 ≤ Q 2 if and only if q i 1 ≤ q i 2 , i = 1, 2. Proposition 9 Let Q 1 ≤ Q 2 . Then M(P, Q 1 )(R d ) ⊂ M(P, Q 2 )(R d ). Proof Let f ∈ M(P, Q 1 )(R d ). Then V g f ∈ L(P, Q 1 )(R 2d ). If Q 1 ≤ Q 2 , then L(P, Q 1 )(R 2d ) ⊂ L(P, Q 2 )(R 2d ) by Proposition 5.1 in [13]. Thus we have V g f ∈ L(P, Q 2 )(R 2d ) and hence f ∈ M(P, Q 2 )(R d ).
Theorem 10 The space M(P, Q)(R d ) is invariant under time-frequency shifts. More
Since the translation operator is continuous from
Repeating the same procedure with respect to the second variable we get T (u,η) V g f − V g f P Q → 0 as (u, η) tends to zero. Moreover, it is known that (e 2πi(.−y)u − 1)V g f p 1 q 1 tends to zero as u tends to zero by the proof of the Proposition 2.2 in [16] . The continuity of . p 2 q 2 implies that (e 2πi(η−y)u − 1)V g f P Q → 0 as (u, η) tends to zero. This completes the proof.
Convolution theorems
, and the fact that L(P, Q)(R 2d ) is strongly translation invariant by Remark 3, we write
This completes the proof.
Theorem 12 Let
1 < P 1 , P 2 < ∞, 1 ≤ Q 1 , Q 2 ≤ ∞, 1 P 1 + 1 P 2 > 1, f ∈ M(P 1 , Q 1 ) (R d ), h ∈ M(P 2 , Q 2 )(R d ), then f * h ∈ M(R, S)(R d ), where 1 R = 1 P 1 + 1 P 2
− 1 and S > 0 is any number such that
with norm inequality
where
Proof Let us choose the windows as in Proposition 2.4 in [8] . Namely, g 0 (x) = e −π x 2 and g(x) = 2
it is known that different windows yield equivalent norms for the spaces M(R, S)(R
Minkowski integral inequality and Theorem 2.12 in [5] , we write
Applying the same procedure with respect to the second variable, we obtain
This is desired result.
Theorem 11 implies one of the conditions to be Banach module. The next theorem refers to this property and is proved using the same argument as Theorem 2.2 in [16] . Moreover, it is necessary to find the multiplier space of M(P, Q)(R d ). ∞;1,1) .
Boundedness of Weyl operators and localization operators
Proof It follows from a small variation of Gröchenig's proof (see [14, Theorem 14.5 
.2]).
The following proposition and theorem gives us an estimate for the cross-Wigner distribution for Lorentz mixed normed modulation space and the boundedness of the time-frequency localization operator on M(P, Q)(R d ), respectively. The proofs are similar to Proposition 2.5 and Theorem 3.2 in [8] but let us provide the details anyway, for completeness' sake.
Proposition 15
) by Lemma 14.5.1(a) and Theorem 11.2.5 in [14] , where = W g ∈ S(R 2d ). Moreover, it is known that
by Lemma 14.5.1.b. in [14] , where
by Proposition 2.1 in [16] . Thus by using the inequality . 1q 1 ≤ . 11 = . 1 when 1 ≤ q 1 and changing variables
Again using the fact that the Lorentz space L( p 2 , q 2 )(R 2d ) is an essential Banach convolution module over L 1 (R 2d ), we obtain
Then the localization operator A
is bounded on M(P, Q)(R d ). Moreover we have the norm estimate
by Proposition 2.5 and convolution relations for the standard modulation space in [8] , respectively. Thus the operator A
We observe that this result extends Theorem 3.2 in [8] , since the same sufficient conditions provide boundedness on both classical and Lorentz mixed normed modulation spaces.
Interpolation theorems
Now we will give interpolation theorems for the M(P, Q)(R d ) spaces. The interpolation theorems for Lorentz mixed norm spaces are given in [20, p. 6 ] suggests a similar statement for the M(P, Q)(R d ) spaces. So we omit the proof.
Proposition 17
Let 0 < θ < 1,
and
Moreover, if p 2 ≤ s 2 and q 2 ≤ t 2 , then r 2 ≤ u 2 . Thus
continuously.
The space A( P, Q, r)(R d )
Definition 18 Fix a non-zero window g ∈ S(R
It is easy to show that
is a norm on the vector space A(P, Q, r )(R d ).
using Hölder inequality and (3.1), we have
Thus (V g f n ) converges pointwise to V g f. Again, since ( f n ) is a Cauchy sequence, we get by (3.1)
Finally we obtain
and we have V g f = h a.e. Thus by (3.1) and (3.2), we have
The proof is the same as that in Theorem 2.2 in [16] . If r = 1, 1 < P < ∞, 1 ≤ Q < ∞ and Q ≤ P, then we have
Additionally, it is an essential Banach ideal over L 1 (R d ) by module factorization theorem. Furthermore A(P, Q, 1)(R d ) is a Banach convolution algebra for r = 1, 1 < P < ∞, 1 ≤ Q < ∞ and Q ≤ P.
Theorem 21
If r = 1, 1 < P < ∞, 1 ≤ Q < ∞ and Q ≤ P, then the space
Proof It is known that from the Remark 20, the space A(P, Q, 1)(R d ) is a Banach convolution algebra, strongly translation invariant and translation operator is continuous on
is a norm on H. Thus is an isometry. Moreover we set
Proof This proposition is easily proved by the Duality Theorem 1.7 in [19] . 
Multiplier spaces
Multiplier spaces of M(P, Q)(R d )
2. It is known that the dual space of
Corollary 24
If we take p 1 = q 1 = p and p 2 = q 2 = q in Proposition 23, then we obtain
are the standard modulation spaces.
Multiplier spaces of A(P, Q, r )(R d )
Consider a net (e α ), which is a bounded approximate identity in L 1 (R d ) and having ∧ e α with compact support, ∀α ∈ I. Define
is the space of bounded regular Borel measure on R d and C(μ) is a constant depending on the measure μ. As A(P, Q, 1)(R d ) is a Segal algebra and an essential Banach ideal for 1 < P < ∞, 1 ≤ Q < ∞ and Q ≤ P, then M A(P,Q,1) (R d ) is uniquely defined as independent of the approximate identity, for 1 < P < ∞, 1 ≤ Q < ∞ and Q ≤ P by Proposition 3 in [10] .
, the following are equivalent:
There exists a unique measure
Proof If 1 < P < ∞, 1 ≤ Q < ∞ and Q ≤ P, it is known that the space The following theorem can be easily proved by Theorem 4.2 in [16] .
Theorem 28 If 1 < P, Q < ∞ and Q ≤ P, then the multipliers M(A(P, Q, 1)(R d ), A(P, Q, 1)(R d )) is isometrically isomorphic to M(R d
).
